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In commutative ring theory one encounters a curious similarity between 
Noetherian and almost maximal valuation rings. Many of the classical 
problems such as the decomposability of finitely generated (f.g.) modules 
into cyclics or modules of finite ranks into rank one modules were solved in 
these classes (Kaplansky [2] and [3]; Matlis [5], [6]; Gill [9]). In both classes 
of rings the local rings carry a natural topology and, as was established by 
Matlis [7], [8], the complete local species have a perfect duality between 
their f.g. and finitely embedded (f.e.) modules. It is interesting to note that the 
decomposition problem for f.g. modules over a commutative von Neumann 
regular ring was solved by Pierce [17]. Further light was shed on the problem 
of finding common properties by Miiller [12] who characterized rings with 
duality. 
In this paper we confine our attention to the commutative case (with the 
exception of Section 1, Proposition 3.5 and Corollary 3.6). We say that a 
ring is classical if the f.e. modules are linearly compact. Then the class of 
classical rings include Noetherian, almost maximal and von Neumann 
regular rings. We shall go over the well-trodden path of localization-com- 
pletion and show that these functors have many of those pleasant properties 
one is so accustomed to in the Noetherian case. We prove that a classical 
local ring is complete if and only if it has duality and a generalization of the 
duality theories of Matlis and Miiller is obtained. 
1. PRELIMINARIES 
All rings have identities and modules are unitary left modules. For an 
R-module M, the injective envelope of M is denoted by E(M). 
DEFINITIONS. An R-module M is said to be ‘Il;n;tely embedded” (f.e.) if 
E(M) M E(S,) @ **a @ E(S,) for some simple R-modules S, ,..., S, [14]. 
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The R-module M is “subdirectly irreducible” if E(M) = E(S) for a simple 
module S. A family of submodules (Mi}i,l of M is said to be an “inverse 
system” if, for any finite number of indices i1 ,..., ik E I, there is an j E I such 
that MjCMiln...nM, . k 
LEMMA 1.1. For an R-module M the following are equivalent 
(i) M is f.e., 
(ii) every inverse system of nonzero submodules of M is bounded below 
by a nonzero submodule of M. 
Proof. This is Proposition 3.19 in [15]. 
LEMMA 1.2. Let M be an R-module m E M and m # 0. Then there is a 
simple mosule S and a homomorphism $: M -+ E(S) such that +(m) # 0. 
Proof. See Proposition 2.24 in [15]. 
If M is an R-module, the f.e. topology on M is defined by taking as a basis 
of neighbourhoods of zero all submodules N of M for which M/N is f.e. 
Note that the class of f.e. modules is closed under submodules and extensions 
[15, Proposition 3.201. From this and Lemma 1.2 we deduce (see also 
[13, Section 31) that when M and R are endowed with the f.e. topology then 
(i) R is a topological ring; 
(ii) M is a linear topological R-module; 
(iii) M is Hausdorff; 
(iv) every submodule of M is closed; 
(v) if N is a submodule of M then the submodule topology on N 
is the f.e. topology; 
(vi) the completion il?~’ of M is obtained as an inverse limit 
il?l m h{M/N : M/N is f.e.} 
with the inverse limit topology on ii?i; 
(vii) every R-homomorphism is continuous. 
When R is a commutative semilocal Noetherian ring with Jacobson radical 
J then the f.e. topology on a f.g. R-module is just the J-adic topology. A 
module M is called linearly compact (Z.c.)l if any family of cosets having the 
1 This is linearly compact in the discrete topology in [l]. Since every submodule 
is closed in the f.e. topology, a module is l.c. in the discrete topology if and only if it is 
l.c. in the f.e. topology. 
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finite intersection property has nonempty intersection. Equivalently, M is 
l.c. if any system of finitely solvable congruences 
x = x, mod Ni , i E I, Ni submodule of M 
is solvable. Linearly compact rings and modules were studied by Zelinsky 
[l]. A good account can also be found in [lo]. The following can be found 
in [l] or [lo] 
(l.c.1) Given an exact sequences of R-modules 
O--+M’-+M-+M”-+O 
we have M is l.c. if and only if M’ and M” are l.c.; 
(l.c.2) if (Ni}icr is a collection of submodules of the l.c. module M 
with the property that for all finite subsets J of I and for all i E I - J 
then I is finite. 
Ni+nNj=M, 
iOJ 
An alternative formulation of (l.c.2) would be to say that a l.c. module 
has finite dimension (in the sense of Goldie) and finite “dual dimension.” 
It is easily seen that an Artinian module is l.c. The converse is false as 
there are l.c. valuation rings in [2] which are not even Noetherian. 
We say that the module M satisfies AB5* if 
n (K + Nil = K + n Ni 
&I iSI 
for all submodules K and inverse systems of submodules {Ni}i,l of M. 
(l.c.3) A l.c. module satisfies AB5* [lo, pp. 218, 3.131. 
LEMMA 1.3. If {Ni}io, and K are submodules of a module M satisfying 
AB5*, nis, Ni C K and M/K is f.e. then there is a j-kite subset J of I such 
that nioJ Ni C K. 
Proof. Immediate from Lemma 1.1. 
PROPOSITION 1.4. For an R-module M the following are equivalent 
(i) M is l.c.; 
(ii) for any linear topology on M (with R discrete) the factor module 
M/0 is complete; 
(iii) M satisfies AB5* and every factor module of M is complete in the 
f.e. topology. 
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Proof. The equivalence of (‘) 1 and (ii) and the implication (i) * (iii) 
are clear from the definition and (l.c.3). In order to show that (iii) * (i) let 
a finitely solvable system of congruences 
x=ximodNi,NiCM,i~I (*I 
be given. Since every factor of M also satisfies (iii) we can replace M by 
M/n Ni , in other words we may assume that n Ni = 0. Let K be a sub- 
module of M such that M/K is f.e. By Lemma 1.3 we have a finite subset 
J(K) of I with 0 {Ni : i E J(K)} C K. Let xK be the solution of the finite 
system of congruences 
Then the coset x, + K depends on K only, and the system of congruences 
x = x, mod K, M/K is f.e. (**> 
is finitely solvable and every solution of (w) is a solution of (*). But M is 
complete in the f.e. topology. Accordingly, (**) has a solution. 
Let R be a ring, M and E R-modules. The E-topology on M is given by 
taking as basis of open neighborhoods of zero the Kernels of homomorphisms 
from M into E”, K > 0. Note that if the ring R has only a finite number of 
isomorphism classes of simple modules then with E = E(S,) @ ... @ E(S,), 
where S, ,..., S, are representatives, one from each isomorphism class, the 
E-topology on M is just the f.e. topology. Next, the group Hom,(M, E) can 
be endowed with the “jnite topology” in which the subgroups of the form 
(4 E Hom,(M, E) : 4(F) = 0, F is a finite subset of M} are taken as a basis of 
open neighbourhoods of zero. 
PROPOSITION 1.5. Let M and E be R-modules and set S = End,E, 
M* = Hom,(M, E), M** = Hom,(M*, E). Endow R and M with the 
E-topology and M** with the finite topology and let 4: M + M** be the 
natural R-homomorphism. Then we have 
(i) R is a topological ring and M, M** topological R-modules; 
(ii) 4 is continuous, Ker C$ = ij and the induced quotient and submodule 
topologies on $(M) coincide; 
(iii) M** is complete; 
(iv) if every factor module of a$nite direct sum of copies of E is Hausdorff 
in the E-topology (in particular, if E is a cogenerator) then the pair 4, M** is 
the completion of M. 
Proof. The verification of (i) and (ii) is routine. See also [13, Section 31. 
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For a finite subset F of M* define V(F) = {vz** EM** : m**(F) = 0} and 
consider a finitely solvable system of congruences of the form 
x E xr mod V(F), xF E M**, F finite subset of M*. 
Define f: M* + E by setting f(m*) = x(~*} , m* EM*. Then f is an 
S-homomorphism and for any finite subset F of M**, (f - xF)(F) = 0. 
Therefore f is a solution of the system of congruences and M** is complete 
in the finite topology. 
In view of (ii) and (iii), the pair 4, M** is the completion of M provided 
that 4(M) is dense in M**. The proof follows that of Lemma 1 in [12]. Let 
f E M** and ml*,..., m,* EM*. We have to find an m E M such that 
C(m) -fE V(ml*,..., m,*), i.e., ml*(m) = f(m,*),..., m,*(m) =f(m,*). Sup- 
pose that such an m cannot be found and set 
N = ((m,*(a),..., m,*(a)) : a EM>. 
Then N is an R-submodule of En and En/N is Hausdorff in the E-topology. 
Accordingly, we can finds, ,..., s, E S such that (slq* + *.* + s,m,*)(a) = 0 
for all a EM, i.e., slm,* + ... + s,m,* = 0 but 
0 # slf(ml*) + ... + s,f(m,*) =f(wh* + a** + s,m,*), 
a contradiction. 
Let R be a ring with only a finite number of isomorphism classes of simple 
R-modules and let S, ,..., 5, be representatives, one from each isomorphism 
class. Put E = E(S, @ ... @ S,) and S = End,E. Then E is an injective 
cogenerator and there is no difference between the f.e. and the E-topologies. 
PROPOSITION 1.6. Let the situation be GS described above. Then the completion 
functor with respect o the f.e. topology and the functor Hom,(Hom,(-, E), E) 
are naturally equivalent. In particular, the completion of R in the f.e. topology 
is End,E, the bicommutator of E. 
Proof. Note that iffy M--f N is an R-homomorphism, thenf **: M** -+ 
N** is continuous. The rest follows from Proposition 1.5. 
Throughout the rest of this paper, unless specified otherwise, the topology 
on a module will be assumed to be the f.e. topology. Thus a complete module 
or ring will mean a module (resp. ring) complete in the f.e. topology. 
2. SISI RINGS 
For the rest of this paper a ring will mean a commutative ring unless an 
explicit statement is made to the contrary. 
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THEOREM 2.1. For a ring R the following are equivalent 
(i) every subdirectly irreducible factor ring of R is self-injective; 
(ii) if S is a simple R-module, e E E(S), f E Horn&Y(S), E(S)) then 
there is an r E R, depending on e, such that f (e) = re. 
Proof. Assume (i) and let S be a simple R-module, e E E(S), f E End,E(S). 
Set I = Annse, R = R/I and E = Ann&. Then Re m R and E is the 
R-injective envelope of Re. Also, f (e) E i? and E = Re since R is self-injective. 
Thus f(e) = re for some r E R. 
Conversely, assume (ii) and let I be an ideal of R such that R = R/I is 
subdirectly irreducible. Put E = E,(w) and E = AnnJ. Then E is the 
injective envelope of a simple R-module and i? = E#). Let e E B. Since 
Ie = 0 there is a homomorphism from R onto Re which maps 1 + I onto e. 
This can be extended to a homomorphism f: E + E with f(E) C E and 
f (1 + I) = e. Using (ii) we see that e = f (1 + I) = T + I for some r E R. 
Thus B _C R and i? = R. Therefore R is self-injective. 
A ring R satisfying the equivalent conditions of Theorem 2.1 is called a 
SISI ring. Examples of SISI rings include Noetherian, von Neumann regular 
and almost maximal valuation rings. It will be shown in Section 3 that these 
rings satisfy an even stronger condition. Note that a subdirectly irreducible 
self-injective ring is local, i.e., has a unique maximal ideal. 
PROPOSITION 2.2. Let R be a SISI ring, M a maximal ideal of R, E = 
E(R/M) and S = End,E. Then the following assertions are true 
(i) E is, in a natural way, both an RIM and an S-module and for a 
subgroup A of E we have that A is an R-submodule oA is an R,-submodule 
OA is an S-submodule; 
(ii) S is commutative and it is the completion of R, ; 
(iii) RIM is SISI. 
Proof. The commutativity of S and (i) follows immediately from 
Theorem 2.1. Also, E as an R,-module is the injective envelope of the only 
simple R,-module and Hom,#, E) = End,E = S. Since S is com- 
mutative, End,E = S. Thus S is the bicommutator of E as an R,-module 
and S is the completion of R, by Proposition 1.6. Finally, (iii) also follows 
from the identity End,.E = End,E. 
LEMMA 2.3. Let R be a SISI ring and S, , S, nonisomorphic simple R- 
modules. Then Hom,(E(S,), E(Q) = 0. 
Proof. Let M1 and M, be the maximal ideals of R with S, m R/M1 and 
S, w R/n/r,. Then M, # M, . Supp ose that there is a nonzero homo- 
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morphism f : E(S,) ---f E(S,) and let e E E(S,) be such that f(e) # 0. If 
I = Ann e then I C Mi and R/I is a subdirectly irreducible and self-injective 
ring since R is SIX Therefore R/I is a local ring and Mr is the unique 
maximal ideal containing I. By a similar argument, M, is the only maximal 
ideal containing Ann f (e). But Ann f (e) > Ann e = I, a contradiction. 
By virtue of Lemma 2.3 a SISI ring is an H-ring in the sense of [15, p. 1 lo]. 
According to [15] the f.e. modules of an H-ring split into their “isotopic” 
components and we now proceed to describe this decomposition. 
Let R be a ring and let d denote the set of maximal ideals of R. For M E d 
and an R-module A define 
T,(A) = n {Ker 4: CJ E Hom,(A, E(R/N)), NE A, N # M). 
Then Hom,(T,(A), E(R/N)) = 0 f or all NED, N # M and T,(A) is the 
unique largest submodule of A with this property. In the language of torsion 
theories, T,(A) is the torsion part of A in the torsion theory induced by 
II{IZ(R/N):NEA,N#M). Also, T,(A)={aEA:a=Oor Misthe 
only maximal ideal containing Ann a>. If B is another R-module andf: A + B 
an R-homomorphism then define TM(f): T,(A) + T,(B) to be the 
restriction off to T,(A). It is easily verified that TM is a left-exact additive 
functor. Further, if NE A, N # M then T,T, = 0 and TL = TM . 
Let b(R) denote the full subcategory of all f.e. R-modules and for ME A 
define 
&(R, M) = {A E b(R): E(A) is a finite direct sum of copies of E(R/M)). 
In the terminology of [15], 6(R, M) is th e category of M-isotopic R-modules. 
Assume now that R is a SISI ring and let M, NE A, M # N. By Lemma 
2.3, if A E b(R, M) then T,(A) = A, T,,,(A) = 0 and R, OR A M A 
naturally. Using Theorem 4.26 in [15, p. 11 l] which states that an f.e. module 
over an H-ring is a direct sum of its isotopic components, we have 
A= @A,, A E d(R), A, E &(R, M), ME A. 
MEA 
Applying TM gives T,(A) = T,(A,) = A, . Note that A, = 0 for all but 
a finite number of maximal ideals since A is f.e. Thus we have proved the 
following 
PROPOSITION 2.4. If R is a SISI ring and A E b(R) then A = @T,(A), 
where M ranges over all the maximal ideals of R and T,(A) = 0 for all but a 
Jinitely many maximal ideals. 
To give a more categorical interpretation of Proposition 2.4 we notice 
that the categories b(R, M) and &‘(R,) are isomorphic when R is a SISI ring 
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and M is a maximal ideal of R. Indeed, every module in b(R, M) is, in a 
natural way an R,-module and a f.e. R, module is in b(R, M) since E(R/M) 
is R,-injective. By the discrete direct sum of categories we mean the full 
subcategory of the product category in which all but a finite number of the 
components of an object are zero. With this interpretation in mind we have 
the following. 
PROPOSITION 2.5. For a SISI ring R the category b(R) of all f.e. R-modules 
is isomorphic to the discrete direct sum of the categories 6(RM), where M ranges 
over all the maximal ideals of R. 
By a semilocal ring we mean a ring having only a finite number of maximal 
ideals. 
PROPOSITION 2.6. Let R be a semilocal SISI ring with maximal ideals 
M 1 ,..‘> Mk . Then there is a ring isomorphism 
fid?8,@~-@&~, 
where I? is the completion of R and fiMi is the completion of RM,, , 1 < i < k. 
Proof. Let E = E(R/NI,) @ ..* @ E(R/M,J. Then 
End,E w End, E(R/M,) @ *** @ EndR E(R/M,) 
by Lemma 2.3. Also, End, E(R/MJ = i?,* by Proposition 2.2. Since 
EndaE is commutative it is the bicommutator of E and R = End,E by 
Proposition 1.6. 
If R is a SISI ring and M a maximal ideal of R then b(R, M) _C &(RM) but 
these categories need not be equal since E is not necessarily injective over & . 
Similarly, A,,,, need not be a SISI ring. In order to overcome these short- 
comings we are going to restrict further the class of rings under investigation. 
3. CLASSICAL RINGS 
DEFINITION. A (commutative) ring R is called classical if E(S) is l.c. for 
all simple R-modules S. 
Equivalently, R is classical if and only if every f.e. module over R is l.c. 
The following important result of Miiller characterizes complete classical 
local rings. We present it in the terminology of the present paper. 
THEOREM 3.1. [12, Theorem-s 1 and 31 Let R be a local ring with maximal 
ideal M and E = E(R/M). Then the following are equivalent 
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(i) R is a complete SISI ring; 
(ii) R is a complete classical ring; 
(iii) the functor Hom,(--, E) is a contravariant equivalence between 
the categories of f.e. and f.g. R-modules. 
Moreover, if R is a complete classical ring then R is l.c. and every endomorphistn 
of E consists of multiplication by an element of R. 
We can show the relation between classical and SISI. 
PROPOSITION 3.2. A classical ring is a SISI ring. 
Proof. Let R be a classical ring, I an ideal of R and R = R/I subdirectly 
irreducible. Then E,(a) is the injective envelope of a simple R-module and 
therefore l.c. But then the ring R is l.c. and by [l, Proposition 141 it is a 
finite direct sum of local rings. Since R is subdirectly irreducible it is local 
and i? = Ann =,R)I is the R-injective envelope of the only simple R-module. 
Since R is local and complete and i? is l.c. Theorem 3.1 shows that R is SISI. 
Accordingly, R is SISI. 
The following example shows that the converse of Proposition 3.2 is false. 
Let F be a field, (X,} a countable number of indeterminates over F and 
P = F[{X,}] the polynomial ring. Let I be the ideal of P generated by 
{XiXj ; i 3 1, j 3 l} and R = P/I. Then R is a local ring and its maximal 
ideal M is a countable direct sum of copies of RIM m F. Also, every sub- 
directly irreducible factor of R has length <2. Therefore R is SISI. But 
B = E(R/M)/(R/M) is an infinite direct sum of copies of RIM which shows 
that E is not l.c. Indeed ME = 0 since M2 = 0 and if E is a finite sum then 
E has finite length indicating that R is Artinian, a contradiction. Thus R is 
not classical. 
THEOREM 3.3. Let R be a classical ring, M a maximal ideal of R, 
E = E(RIM) and &, the completion of R, . Then we have the following: 
(i) R, = End,E and E is the fi,-injective envelope of the (unique) 
simple &-module; 
(ii) the categories d(R, M), B(R,) and ~?(a,) are isomorphic; 
(iii) R, is a classical local ring and & is a complete classical local ring. 
Proof. By Proposition 2.2 RM = End,E and the structures of RE and 
a E are identical. This shows that a,E is an essential extension of the simple 
ti” ,-module RIM. Next, EndRE = EndsME and as an R,-module E is a l.c. 
minimal cogenerator. Hence by [12, Lemma 41 E is injective over its Riu- 
endomorphism ring, i.e., E is R,-injective. Again, by Proposition 2.2 a 
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subgroup A of E is an R-submodule oA is an R,-submodule +A is an 
RM-submodule and the same holds true for subgroups of Ek, Fz > 0. Further, 
B,E and kM E are injective envelopes of simple modules. Accordingly, 
b(R, M) w b(R,) m b(&). (Also, for all A E b(R, M) there are natural 
isomorphisms A M R, OR A m &, OR A.) The local rings R, and RM 
are classical since R,E and R, E are l.c. Finally, we have to show that the ring 
i?,,, is complete (in the f.e. topology). Now 8, is a commutative classical 
ring and the completion of R, , by Proposition 2.2 is EndaME = RM . 
THEOREM 3.4. For a classical ring R there is a contravariant category 
equivalence (duality) between b(R) and the discrete direct sum of the categories 
of f.g. &modules, where M ranges over all the maximal ideals of R. 
Proof. Follows immediately from Proposition 2.5, Theorems 3.3 and 3.1. 
For the following Lemma and Corollary 3.6 the rings need not be com- 
mutative. Let R, S be rings, R,S E a left R, left S-bimodule and F a left 
S-module. Then there is a natural transformation of functors 
4: Horn, (E, F) OR - -+ Horn, (Hom,(-, E), F) 
given by 
$A(f @ a)(e) = f (8(a)), f E Hom,(E, F), a E A, A is a left R-module, 
0 E Hom,(A, E). 
It was shown in [18, Proposition VI, 5.31 that if R is (left) Noetherian, F is 
S-injective and A is f.g. then q5A is an isomorphism. This can be used, (R. Y. 
Sharp: oral communication), to show that under these circumstances 
Hom,(E, F) is a flat right R-module when E is R-injective. 
We are going to investigate another special case. 
LEMMA 3.5. Let R, S be (not necessarily commutative) rings, E a left R, 
left S bimodule, and F a left S-module. If RE is injective, ,E I.c. and ,F is f.e. 
injective then the natural transformation of functors 
4: Horn, (E, F) OR - + Horn, (Horn, (-, E), F) 
is a monomorphism. 
Proof. Let A be a left R-module, fi ,..., fk E Hom,(E, F), a, ,..., ak E A 
and assume that 
#(a, Ofi + *** + a, 0 fk) = 0 i.e. f#(a,) + *** + f&Yak> = 0 
for all B E Hom,(A, E). (*w) 
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Define mappings 
a: R” -+ A, & ,..., Tk) = rlUl + .” + rkak , (I’, ,..., yk) E R”; 
/I: Hom,(A, E) -+ Ek, /3(e) = (s(q),..., d(&)), I? E Hom,(A, E); 
y: E” -+ F, y(e, ,..., ek) =fi(%) + ‘.. +fk(ek), (f% ,..-, ek> E E” 
and for each u E Rk, u = (rl ,..., rk) set 
6, : E” -+ F, 6,(e, ,..., ek) = rlel + ‘.. + rkek, (e, ,..., ek) E E”. 
Then 01 is an R-homomorphism and /3, y, 6, are S-homomorphisms. Next, put 
X = Ker 01, Y=Im& Yl = n {Ker 6,: u E X>, 2 = Ker y. 
Claim: Y = Yi . Clearly, S,fi = 0 for all u E X. Hence Y C Yi . Conversely, 
if (e, ,..., e,) E Yr then define 
CL: Ra, + **- + Ra, -+ E, ~(~,a, + ..* + rkak) = rlel + ... + rkek . 
Since (e, ,..., ek) E Yi , p is well-defined. Next, using the injectivity of E, we 
extend p to a homomorphism pr : A - E. Then/%4 = (Ed%),..., p&k)) = 
(el ,..., ek). Accordingly, Y = Yi . From our initial relation (*w), we have 
$I = 0, i.e., Y C Ker y = 2. Since E is l.c. we can use Lemma 1.3 to find 
an integer n > 0 and elements uj = (qii ,..., qkj) C X, 1 < i < n such that 
n Wer hi : 1 < i < n} C Z. Now we utilize the fact that F is injective and, 
as in [7, Proposition 2.81, obtain g, ,..., g, E Hom,(E, F) such that 
Let ci be the injection into the ith component of Ek, l i : E -+ Ek. Then 
fi = Y% = g1+i + ‘.. + &Ju,% = g1qi1 + . '. + gdli, 9 1 <i<k. 
Also, since uj E X we have 
wl + ..’ + qkjak = 0, 1 <i<?Z. 
This shows that fi @ a, + a.* + fk @ a, = 0 and 4 is a monomorphism. 
COROLLARY 3.6. The fzmctor Hom,(E, F) @ - is exact and Hom,(E, F) 
is a flat right R-module. Moreover, $A is an isomorphism for a f.g. left R-module 
A. 
Proof. Let D = Homs(E, F) and denote by T the functor 
Hom,(Hom,( -, E), F). 
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Then T is exact and if 01: A --+ B is a monomorphism of left R-modules 






0 - T(A) t T(B) 
the bottom row is exact and the vertical maps are monomorphisms. Therefore 
D @ 01 is mono, D is flat and D @a - is exact. We also notice that $R is an 
isomorphism. The second part of the Corollary now follows from the 
“5-Lemma.” Indeed, 4 is an isomorphism on the Serre-category generated 
by R. 
We now return to commutative rings. 
THEOREM 3.7. Let R be a classical semilocal ring with maximal ideals 
M 1 ,**., M, and put E = E(R/M1) $ ... @ E(R/M,J. Let I? and R,i denote 
the completions of R and RMi , respectively, 1 < i < k. Then we have 
(i) I? is classical and there is a ring isomorphism 
i? m &,@-@I?,; 
(ii) I? is a flat R-module and the completion fumtor is exact; 
(iii) the completion functor and the functor R OR--- are naturally 
equivalent on f.g. R-modules. 
Proof. Observe that E is R-injective cogenerator and l.c. as an R-module 
since R = End, E. ([12, Lemma 41 and Theorem 3.3.) The rest of(i) follows 
from Proposition 2.6. Next, R = End& E and R is a flat R-module from 
Corollary 3.6. By Proposition 1.6, the completion functor is naturally 
equivalent to Horn2 (Hom,(-, E), E) which is exact. Corollary 3.6 now 
yields (iii). 
PROPOSITION 3.8. A f.g. module over a classical semilocal ring has Jinite 
(Goldie) dimension. 
Proof. Let R be a classical semilocal ring and Ma f.g. R-module. Suppose 
that M contains a direct sum, &, Ai C M. Then GiGI (R @ AJ C R @ M. 
By Theorem 3.7, R is a complete classical ring and R is a finite direct sum of 
complete classical local rings. Therefore i? and every f.g. R-module is l.c. 
and have finite dimension. Also, R @ Ai = 0 implies that Ai = 0 since 
R @ - and Horn& (Horn, (-, E), E) are naturally equivalent on the Serre 
category generated by R, where E is the minimal cogenerator. Thus I is a 
finite set and M has finite dimension. 
126 PETER VkMOS 
As a consequence of Proposition 3.8 we obtain that the Kurosh-Ore 
decomposition holds for the ideals of a classical semilocal ring R, (i.e., every 
ideal is a finite intersection of irreducibles) and an injective R-module is the 
injective envelope of a direct sum of indecomposable injectives. 
4. EXAMPLES OF CLASSICAL RINGS 
PROPOSITION 4.1. If R, is Noetherian for every maximal ideal M of R, 
then R is a classical ring. 
Proof. By [14, Theorem 21 R, is Noetherian for every maximal ideal 
M of R if and only if every f.e. R-module is Artinian. The Proposition follows 
by observing that an Artinian module is l.c. 
COROLLARY 4.2. Noetherian and Von Neumann regular rings are classical. 
Remark. One could use [14, Theorem 21 to prove that the completion of 
a Noetherian local ring is Noetherian. It is worth remarking that the im- 
plication: “R is Noetherian 3 f.e. R-modules Artinian” has an ad hoc proof, 
see [15, Theorem 4.301. 
We say that the ring R is a valuation ring if the ideals of R are totally 
ordered by inclusion. If R, is a valuation ring for every maximal ideal M of R 
then R is said to be a Priifer ring. It is not assumed that a valuation or a Prtifer 
ring is a domain. A valuation ring R is maximal if it is l.c. and almost maximal 
if every proper factor is l.c. An almost maximal valuation ring which is not 
a domain is maximal by [9, Proposition 11. 
PROPOSITION 4.3. For a valuation ring R the following are equivalent: 
(i) R is a complete classical ring; 
(ii) R is maximal. 
Proof. It is clear that (i) + (ii). For the converse, it will suffice to show 
that a subdirectly irreducible maximal valuation ring is self-injective. Let R 
be such a valuation ring. Then every element of R is either a unit or a zero 
divisor. By [9, Lemma 31 Ann Ann Ra = Ra for all a E R. Then [16, 
Theorem 2.31 shows that R is self-injective. 
PROPOSITION 4.4. Let R be a local ring, M the maximal ideal of R and 
E = E(RIM). Then the following are equivalent: 
(i) the submodules of E are totally ordered; 
(ii) R is an almost maximal valuation ring; 
(iii) every f.g. R-module is a direct sum of cyclic R-modules; 
(iv) R is a classical valuation ring. 
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Proof. The equivalence of (i), (“) n , and (iii) is the main Theorem in [9]. 
Assume (iv) and let e, , s e E E. Since R is a valuation ring we may assume that 
Ann e, 2 Ann es. Then there is an endomorphism f of E with f (e,) = e2. 
Since A is classical we have f (e,) = re, for some Y E R. Thus Re, C Re, and 
the submodules of E are totally ordered. Conversely, assume (i) and let 
be a system of finitely solvable congruences in E. We wish to show that the 
system is solvable, i.e., n {ei + Fi : i E I} # ,@ . If Fi = E for all i E I there 
is nothing to prove. Accordingly, assume that Fj # E for some j E I and let 
d E E be such that ej E Rd and d # Fi . Then Rd 1 ei + Fj and, from pairwise 
solvability, Rd 1 ei + Fi for all i E I with Fi C Fj . Let K = Ann, d and 
E = Ann, K. Then R = R/K is a subdirectly irreducible valuation ring 
and R is not a domain unless it is a field. Since R is almost maximal R is 
maximal. Hence ,!? is l.c. since it is the R-injective envelope of the only 
R-simple module. But Rd C R and this shows that 0 {ei + Fi : Fi _C Fj , 
i E I} # o . Thus E is l.c. and R is classical. 
Remark. Condition (i) of Proposition 4.4 shows that the completion R 
of an almost maximal valuation ring R is a valuation ring again. Thus R is a 
maximal valuation ring and it is easily seen that R is an “immediate” extension 
of R in the sense of [4]. 
The next result characterizes classical Prtifer rings. 
THEOREM 4.5, For a ring R the following are equivalent: 
(i) for each maximal ideal M of R the submodules of E(R/M) are totally 
ordered; 
(ii) R is a classical Prtifer ring; 
(iii) R is classical and every f.e. R-module is a direct sum of subdirectly 
irreducible R-modules. 
Proof. Assume (i) and let M be an arbitrary maximal ideal of R, 
E = E(R/M). Then R, is an almost maximal valuation ring by Proposition 
4.4 and E is l.c. as an R,-module. But the submodule structure of E is not 
changed when R is replaced by R, since the submodules of E are totally 
ordered, i.e., M is the unique maximal ideal containing Ann e for all e E E. 
Therefore E is l.c. and R, is a valuation ring. This proves (ii). 
(ii) > (iii). If M is a maximal ideal of R then every f.g. &-module is a 
direct sum of cyclics by Proposition 4.4. Note also that over a local ring 
“cyclic” and “subdirectly irreducible” are dual notions. The result now 
follows from Theorem 3.4. 
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(iii) + (i) Using duality again, (Theorem 3.4) we see that for every 
maximal ideal IM of R a f.g. AM-module is a direct sum of cyclics. Hence & 
is an almost maximal valuation ring. Since R is classical E = E,(R/M) is the 
R,-injective envelope of the simple &-module. Hence the R,-submodules 
of E are totally ordered. But then the R-submodules of E are totally ordered 
as well by Proposition 2.2. 
PROPOSITION 4.6. Let R be a perfect r&g. If R is classical then R is Artinian. 
Proof. Assume that R is a classical perfect ring. Then R is semilocal and 
every factor of R has finite dimension by Proposition 3.8. Also, every factor 
of R is the essential extension of its socle. Therefore every factor of R is f.e. 
By [15, Theorem 3.211 R is Artinian. 
Concerning complete classical local rings we have, by way of examples, 
complete local Noetherian rings and maximal valuation rings. Indeed these 
are two classes of rings which Matlis proved had duality and I have seen no 
other examples in the literature. We have seen that complete classical implies 
l.c. but the converse is an open problem. Even looking for l.c. local rings does 
not seem to help, the only examples listed in [l] are again complete Noetherian 
and maximal valuation rings. 
The key to this problem may lie in the fact that both complete local 
Noetherian and maximal valuation rings admit representations in terms of 
power series over a field [l 11, [4] (“long” p ower series for maximal valuation 
rings). It is possible to give a common generalization of the concept of power 
series and obtain further examples of complete classical local rings. This 
topic will be dealt with in a separate paper. 
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